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Abstract 

In this paper an approach of finding the partial ridge regression is applied to the logistic ridge regression for the liu type estimators 

and a study has been analyzed. The new method called Logistic Shrinkage Partial Ridge Regression for the liu type estimators of 

estimating coefficients and mean squared error in logistic ridge regression. The method is evaluated through a Simulation study. 

Different bias values of k are considered for the analysis of the method together with the maximum likelihood approach. 

Simulation study results shows that the proposed methods generally outperforms maximum likelihood, Logistic ridge regression 

for the liu type estimators, Generalized Logistic Ridge Regression for the liu type estimators and Directed Logistic Ridge 

Regression for the liu type estimator methods. 
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1. Introduction 

Frisch (1934), who introduced the concept of Multicollinearity 

to a situation where the linear dependency have high 

correlation among the variables. Hoerl and Kennard (1970 a, 

b) [1, 2] first introduced the concept of ridge regression to 

overcome the problem of Multicollinearity. They proved that 

there is a non zero value of such ridge parameter for which the 

mean squared error (MSE) for the slope parameter using the 

ridge regression is smaller than the variance of the Least 

Square Estimator (LSE) of the respective parameter. Other 

authors have worked with this area and developed and 

proposed different estimates for the ridge regression 

parameter. Various ridge estimators are suggested by many 

researchers in ridge regression viz., McDonald and Galarneau 

(1975), Lawless and Wang (1976), Saleh and Kibria (1993), 

Haq and Kibria (1996), Kibria (2003, 2004), Kibria and Saleh 

(2004), Khalaf and Shukur (2005), Alkhamisi et al. (2006). 

These methods have been applied on linear regression models 

for which the dependent variable is quantitative with the 

objective to estimate its expected value given the values of the 

explanatory variable. The disadvantage of the ridge estimator 

is that the estimated parameter is nonlinear functions of the 

ridge parameter and that the small k chosen in the process may 

not be large enough to overcome multicollinearity (Asar and 

Genc, 2016) [18]. 

In ridge regression, the condition numbers of the matrix 

kIXX  becomes a decreasing function of k (Liu, 2003).Thus 

large values of k has to be used to get small condition number. 

However a small value of k is applied in kIXX  , which is still 

ill conditioned. Liu estimator having the advantage of being a 

linear function of the shrinkage parameter was proposed by 

Liu (2003). Liu estimator has the advantage of ridge and stein 

estimator, Stein (1956). Liu type estimator is a two parameter 

estimator which shows superiority of other estimators in ridge 

regression proposed by Liu (2003). 

Logistic regression is one of the extensively used method 

exists in generalized linear models. Schaefer et al. (1984) 

proposed logit ridge regression estimator and some methods 

of estimating k were suggested and evaluated by means of 

Monte Carlo simulations. It is shown that logistic ridge 

regression outperforms ML when the explanatory variables 

are collinear. Liu and Liu-type logistic estimators were 

proposed by Kaciranlar (2003) Mansson and Shukur (2011), 

Mansson et al., (2012), Kibria et al., (2012),Inan and Endogan 

(2013). Logistic ridge estimators were proposed in Kibria et 

al. (2012). Other authors proposed different methods for the 

estimation of the shrinkage parameter d used in Liu and Liu-

type estimators. 

Huang (2012) suggested new methods to estimate the 

shrinkage parameter d used in Liu-type estimators in order to 

combat multicollinearity in logistic regression model.Asar and 

Genc, 2016) [18] used the same estimator with optimal 

shrinkage parameter and proposed some shrinkage parameters 

d used in Liu-type logistic estimators. 

When the explanatory variables are correlated Liu-type 

logistic estimators with the new shrinkage estimators are 

assumed to perform better than the ML estimators. In the 

present article a new method called Logistic Shrinkage Partial 

Ridge Regression for the Liu type estimators (LSPRR-L) is 

introduced to estimate Liu type logistic estimators. 

Hoerl and Kennard (1970) [1] proposed an extension of the 

ridge regression procedure that allows separate biasing 

parameters k for each regressor known as Generalized Ridge 

Regression (GRR). The discussion on generalized approach of 

estimation is simplified by a suitable orthogonal 

transformation of regressors. Shrinking the elements of the 

parameter vector is restricted to only those coefficients 

corresponding to small eigenvalues and the shrinkage is 

carried out using generalized ridge. Guilkey and Murphy 

(1975) suggested a method called Directed Ridge Regression 
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(DRR) that Xi be defined as small if corresponding 

max10  c
i

 , where 
max is the largest eigenvalue of XX  

and c is some arbitrary constant. The process is still 

computationally intensive as in GRR but to lesser extent as 

still a partial set of vectors  
pkkk ,..,, 21

 need to be obtained. A 

method called Partial Ridge Regression (PRR) 

(Chandrasekhar et al., (2016) which involves selectively 

adjusting the ridge constants associated with highly collinear 

variables to control instability in the variances of coefficient 

estimates is discussed. 

The present paper details out the methodology of logistic ridge 

regression in section 2.Other methods such as Partial logistic 

ridge regression, Generalized logistic ridge regression, 

Directed logistic ridge regression are also discussed in Section 

2. A detailed description of Monte Carlo simulation is given in 

section 3. The simulation results are discussed in section 4. 

Finally the conclusion is given in section 5and results in 

Appendix. 

 

2. Model and Methodology 

Logit regression is a widely used statistical method when the 

ith value of the dependent variable y of the regression model 

is  iBe  with the following parameter value: 
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where xi is the ith row of X which is an  1 pn  data matrix 

with p explanatory variables and  is a   11 p vector of 

coefficients. The most common method of estimating  is to 

apply the ML method .The log likelihood should be 

maximized is given by, 
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Solving the above equation by taking the first derivative and 

equals the expression to zero,the ML estimates are obtained. 
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The following iterative weighted least square (IWLS) 

algorithm 

 

zWXXWX ˆˆ1)ˆ(ML      (4) 

  

where,  iiW  ˆ1ˆˆ  and ẑ is a vector where the ith element 

equals to  

 

)ˆ1(ˆ

)ˆ
)ˆlog(

(

ii

iiy
iiz 







     (5) 

  

Since (3) is nonlinear in  . 

  

The MSE of the ML estimator equal to 

β)E(ββ)E(β)2E(L MLMLML   
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MMSE( βˆ MLE ) = β)E(ββ)β̂E( MLEMLE   

= 1X)ŴX(       (7) 

 

Where j  is the j th eigenvalue of the XWX ˆ matrix. When the 

independent variables are highly correlated the MSE of the 

ML estimate becomes inflated. Huang (2012) proposed the 

Liu type logistic estimator, is given below 

 

MLEkdIXWXkIXWXdk  ˆ)ˆ(1)ˆ(,    (8) 

 

Where 0k  and 10  d .When 1k , ddk  , which is the 

Liu estimator in logistic regression defined by Mansson et 

al.(2012) being a generalization of the Liu estimator such that 

MLEdIXWXIXWXd  ˆ)ˆ(1)ˆ(   where 10  d .When 1d  

in d , then it becomes .ˆ
MLEd   The MSE and MMSE of 

the estimator 
dk,  are given as, 
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Where 2α
j

 is defined as the jth element of γ  and γ is the 

eigen vector of X)ŴX(   such that X)ŴX(   = )γγ Λ(  . Where Λ 

equals ).......,,( 1321 pdiag  , 1321 .......  p . 

 

Logistic Shrinkage Partial Ridge Regression for the Liu 

type estimators Method 
Chandrasekar et.al.,(2016) proposed a PRR approach, which 

involves selectively adjusting the ridge constants associated 

with highly collinear variables to control instability in the 

variances of coefficient estimates. Applying the Singular 

value decomposition to WXX  , we get, 

 
WXX  = UU   

 

The eigenvalues of UU  are used to decide cutoff based 

criteria. A cutoff criteria method has been adapted to first 

identify q (q<p) collinear regressors and biasing constant k is 

added only to the q regressors by selectively choosing those 

regressor variables exhibiting high degree of collinearity.  

The WXX  matrix of order pp  may be decomposed as UU   

where  is a pp  diagonal matrix whose main diagonal 
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elements are the eigen values j  (j = 1,2,..p) of WXX  . If the 

eigen value j  is close to zero it indicates near linear 

dependence. The diagonal elements of   are the eigen values 

of WXX  which are arranged in descending order in value 

from pto1
 with

p  .....21
.Highly collinear variables 

are associated with low eigen values. The ratio of jth eigen 

value to the largest eigen value say 
1

j

λ

λ
  is a useful measure 

of degree of near linear dependence. There is a general 

consensus that a value of the order of 0.001 (one thousandth) 

may be considered as indicating high collinearity and used in 

deciding the number of linear dependence in .XX  Thus 

applying the above 

procedure to shrinkage logistic ridge regression and a logistic 

shrinkage partial ridge estimator is obtained. The new method 

is known as Logistic Shrinkage Partial Ridge Regression of 

Liu type estimator (LSPRR_L) is given by, 

 

MLkdIkILLSPRR UUUU  )(1)(_     (11) 

 

Where the constant k is added only to the q regressors by 

selectively choosing those regressor variables exhibiting high 

degree of collinearity 

The MSE of the LSPRR_L estimator equals 

 

β)LSPRR_LE(ββ)LSPRR_LE(βLSPRR_LMSE   (12) 

 

The bias values of k has been considered in the range between 

0.001 to 0.512 (Montgomery, 2012). In order to attain stability 

in MSE, the k values are further increased to 0.55 to 11.55. 

The study has also shown the regression coefficients obtained 

stability for a partial set of regressors and attains minimum 

MSE compared to ML and other methods. 

Hoerl and Kennard (1970) [1] suggested to replace 2  and i , 

by their corresponding unbiased estimators. That is, 
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  is the residual mean square estimate, 

which is an unbiased estimator of 2  and i  is the ith 

element of ̂ , which is an unbiased estimator of  .The 

method of adopting the above biasing values of K where 

pKKKK ,..,2,1  are based on generalized ridge regression, 

which is applied in logistic ridge regression for the liu type 

estimators and is called Generalized Logistic Ridge 

Regression for the liu type estimators(GLRR_L). The method 

GLRR_L is a computationally intensive approach of dealing 

with multicollinearity. Guilkey and Murphy (1975) suggested 

a selective approach of biasing the parameters may be 

considered, than biasing all the parameters  pKKK ,..,, 21
 

which is named as directed ridge regression method. The 

directed ridge regression method of biasing the ridge 

parameter is adopted in logistic ridge regression and is called 

as Directed Logistic Ridge Regression off or the liu type 

estimators (DLRR_L). 

However, the efficiency of LSPRR_L approach needs to be 

evaluated in comparison with ML, GLRR_L _L and DLRR_L 

methods discussed earlier. In the next section, to know which 

method show better performance, all the logistic ridge 

regression methods discussed above are evaluated under 

simulation study. 

 

3. The Monte Carlo Simulation 

The aim of this study is to evaluate the performance of 

different logistic shrinkage ridge regression methods and find 

a good one. A simulation study has been conducted using R 

programming language. Because degree of collinearity among 

explanatory variables (X) is of central importance, Kibria 

(2011) is followed for generating X variables using the 

following equation 
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Where 
ijz  are independent standard normal pseudo random 

numbers and   represents correlation between any two X 

variables. The n observations of the dependent variable are 

obtained from Be )( i  distribution where 
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The parameter values of β are chosen so that 1'  . 

Newhouse and Oman (1971) stated that if the mean squared 

error is a function of and2,  k, if the explanatory variables 

are fixed, then the MSE is minimized when  is the 

normalized eigen vectors corresponding to the largest eigen 

value of XWX ˆ' . The sample size n are varied from 100,150 and 

200 with the explanatory variables p is considered as 4 and 8. 

In this study, four values of  are investigated which are 

given by 0.75, 0.85, 0.95 and 0.99.Under these criterions for 

different combinations of n and p the procedure of LSPRR_L 

is followed to find which method is optimal and stable with 

respect to biased values of k. 

 

4. Results and discussion 
The results of the simulation have been provided in this 

section. The simulated MSE of the different methods of 

logistic regression are provided in the Appendix (Tables 1 and 

8). The degree of correlation ρ, the number of observations n 

and the number of explanatory variables p are the factors that 

influence the Mean square error. For all of the cases and for 

all of the methods MSE have the better performance than ML 

estimator. For all the methods, when the data size increases, 

the estimated MSE decreases. It is observed from the tables, 

that when the degree of correlation increases, the values of 

MSE are enlarged. The increase is larger for GLRR_L and 

DLRR_L than LSPRR_L. The MSE attains stability for 

LSPRR_L when the biased values are increased. The values 
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are generally less than ML, LRR_L, GLRR_L and DLRR_L. 

It has been observed from the tables when ρ increases the 

mean square values are increasing with respect to the sample 

size values. However for LSPRR_L method, the increase in 

the MSE are smaller than the other methods. It is observed 

that, in general MSE of LSPRR_L is less than other methods 

and outperforms for both the explanatory variables 4 and 8. It 

has been noted that the MSE values of LRR_L is considerably 

decreasing for an increasing set of the biased values. 

However, using the method LSPRR_L, the obtained MSE 

values are decreasing moderately for the given biased values 

and attains stability for a particular value of k. After obtaining 

the stability, the MSE is increasing even for a higher biased 

value of k. Hence the limit of the biased value can be fixed for 

the sample size, correlation and explanatory variables. Where 

as in GLRR_L and DLRR_L the MSE values are constant for 

the respective correlation, sample size and explanatory 

variables. Hence, results obtained by LSPRR_L method has a 

potential improvement over the other methods viz., LRR_L, 

GLRR_L and DLRR_L. The stability of the MSE for the k 

values in LSPRR_L is consistent irrespective of the sample 

size. 

 

5. Summary and Conclusion 
In this study, a new application of logistic shrinkage partial 

ridge regression for the Liu type estimators method have been 

analyzed to combat the problem of multicollinearity. A Monte 

Carlo simulation study has been used by generating random 

numbers for the explanatory variables and the dependent 

variables. Different degrees of correlation, sample size and the 

number of explanatory variables are considered. The MSE is 

used as a performance criterion. The new suggested method is 

compared with ML, GLRR_L and DLRR_L. The results 

generally show that LSPRR_L results are better than the other 

methods. Using a single k gives efficient results in terms of 

stability and the MSE remains considerably less compared to 

other methods. The study based on the results obtained by 

simulation, has shown that LSPRR_L is the best method 

because it overcomes the shortcomings of other logistic 

shrinkage ridge regression for Liu type estimator methods. 
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