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Abstract

In the present paper various new subclasses of analytic multivalent functions are introduced by applying Dziok-Srivatava operator
have been introduced. Many interesting applications involving these and other families of integral operators are also discussed.
Our results provide generalizations of inclusion properties established recently by Choi, Saigo and Srivastava (2002) and others
have also been discussed.
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Introduction
Let A, denote the class of functions f (z) normalized by

f(z)=2"+ i a,z", (peN) (1)
n=p+l
which are analytic in the open unit disk U ={z:z e Cand |z | <1 }. Also let S;(a) and K, (o) denote, respectively, the
subclasses of A, consisting of p-valent functions which are starlike and convex of order o in U with 0 < o < p. In particular
S; ©) = S; and K, (0) = K, are the well-known subclasses of p-valent starlike and p-valent convex functions in U, respectively.

Given two functions f and g, which are analytic in U with f (0) = g (0), the function f is said to be subordinate to g in U if there
exists a function w, analytic in U, such that
w(0)=0,|w(z)|<l(zeU),andf(z)=g(w(2) (z € U).
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We denote this subordination by

f(2) = g(2)inU

We also observe that
f(2) ~g(@@inU

iff f(0)=g()andf(U) =g V)

whenever g is univalent in U.

Let M be the class of analytic functions ¢ (z) in U normalized by ¢ (0) = 1, and let H be the subclass of M consisting of those
functions ¢ which are univalent in U and for which ¢ (U) is convex and R {¢(2)} > 0 (z € U).

We define the following subclasses S; (@) and k; (¢) for ¢ € H by

s;(¢)={f:feAp ande'(Z) < p¢(2)in U}
f(2)
kp(¢):{f:feApand1+ﬂ < p¢(z)inU},
@)
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Obviously

«(1+Az .
S =S [A,B] (-1<B<AX<l1
p(1+sz p[ 1 )
1+ Az
4. k =K _[AB] (-1<B < A <£1).
p(1+sz p[ 1 ( )

We also have S; [1L-1] = S; and K, [1,—1] = K . For p = 1, the above reduced classes S” [A,B] and K [A,B] were investigated

by Janowski [9] and Goel and Mehrok [6].
Clearly

f(@2) ek, (@) =2f'(2) es, (@) .

Further suppose that
hol(ag):(B)iz] = 2° (F (e aqs o B 32)
— ZP+ Z B:)aq)’(ﬂf) (n)zn (12)
n=p+l

g<r+l;0,€eR B € R\Z,;Z,={0,-1,-2,..};
i=1,.,qj=1,.,52¢cU)

where 4F; is the generalized hypergeometric function and

B;aq),(ﬁ,)(n) _ (@) np (@2)np (2 )np .(1.3)

(ﬂl)n—p (ﬁz)n—p "'(ﬂr)n—p (n - p)l

Corresponding to the function h [(e,);(/,);Z], Dziok and Srivastava [4, p.3, Eq.(3)] introduced a linear operator Hp.app.
defined by the convolution

He. s T(@) =h[(e,)(5):2]+f (2) .(1.4)
or equivalently by
ooy T@) =27+ B@ P (n)a, 2" (z <), (15)
' n=p+1

Here * stands for the convolution of two analytic multivalent functions f and g of the form

f@=2+Y a,2",9@) =2"+> b,2"(a,,b,20, peN)

n=p+1 n=p+1
and is defined by
(f+xg) (@) =2+ > a,b,z". .(1.6)

n=p+1

The linear operator HP,aq 5. f (z)includes various other linear operators considered earlier by Hohlov !, Carlson-Shaffer 12,
Goyal and Bhagtani "1, Ruscheweyh [*%1 etc.
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Next by using the operator Hoo,s we introduce the following classes of analytic functions for ¢ € H; f ¢ A;%a>-1and ﬁr >1
Spaes @)= {f:TeA andH,, , T(2) € s, (4)}
kp%ﬁr (¢) ={f:feA and pr%ﬁr f(z) ek, (9)}

We also note that

f@)ek,, , @) <= 2f'(2) es,, , @) (L)

In particular, we set

. 1+z .
Sp,r,s,t,z (1_ Zj = Sp,r,s,t !

: 1+ Az .
S""”‘”"‘(mj psz[A B] (-1<B<A <£1),

1+Az
kpyﬂ,"ﬂ’ﬂ (m) = Npavagu [A B] ( 1<B<A <1)

and for p = 1, we have

1+z

if r=s=nthen 5;2[1—)=S; ,
’ —Z

ifv:/’t,thens;ﬂ(%j =S, [AB] (-1<B<A<1)
“\ 15 By ,

and Kk, (%j =K,,[AB] (-1<B <A <1).

For a function f € A, given by (1.1) the generalized Bernardi-Libera-Livingston integral operator J,, is defined by (cf. [1], [10]
and [11])

+ L
3, M@ = P [ v o 08)

(feA,y>-p;peN)

. * +p). :
=7+ Z THP 47— go gy P a;z’
j=p+1 7/+J j=p+1 (7+p+1)j_p

Also

Z( Hpup Gp, @) =(r+p)H,, 5 T @) —rH,. 5 Oy, (D) ..(1.9)
where the operator HWq 5 is defined by (1.5).
The operator Jy, (for p = 1, v € N) was introduced by Bernardi M. In particular, the operator Ji; was studied by Libera [° and
Livingston (21, In fact the case p = 1 of the operator J,y appeared in numerous earlier works (see, e.g. Srivastava and Owa

[14, p.66,154, 181 and 338]).

2. Inclusion Properties Involving J,,
The following result will be required in our investigation:

Lemma (Eenigenburg et al. 1), Let h be convex univalent in U with h (0) = 1 and

R{Lh@)+ 7}>0  (By Q)
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If p () is analytic in U with p (0) = 1, then

zp'(2) .
p(2) +m < h(@)inU

implies that p (z) = h (z) in U.
The following theorems deal with the generalized Bernardi-Libera-Livingston integral operator J,, (f) defined by (1.8).

Theorem 1. Let @a>-1and Br > 1.1 @€ ¢’ (@) (peH) then I (H(2) e s, (g H).
p.cq. B Py p.ag.fr

Proof. Let T (z) € S;,aqﬁ, () for ¢ € H and set

2 (Mo, 35, @)
oy, 35y (0 @)

0(z) 2.

where 0 (z) =1 +¢1 Z + 22 +... is analytic in U and 0 () = 0 for all z € U.
By applying (1.9) and (2.1), we have

(7 +P) Hp,j, 1(2)
Heo 13, @)

=pd(z) +y .22

Making use of the logarithmic differentiation on both sides in (2.2), we get
z(Hy,, 5 1(2)) '
Pag fir _po@)+ pzo'(z)
He,, s f (2) pO2)+y

.(23)

Sincey>0,¢ (z) e Hand T (2) € S:J,aq,ﬂ, (#) from (2.3),we obtain

R{p42)+ 7> 0and po(2)+LP22 @ L 042) e v)

po(z)+y
Hence by virtue of Lemma, we conclude that
< .
po(2 "po(2)iny,

which implies that

3, D@ €Sy, (#) (PeH).

Theorem 2. Let @a>- 1 and Br > 1. 1f (2) ek bt S (@) (peH), then
3,, 0@ ek, 4 (@) (#€H).

Proof. By applying Theorem 1, it follows that
f(2) €Ky p () & 2f° @) €5, 4 (9)
=1, @F'@) €8,,., @) =2Q,, O@) s, @
<3, (N@) ekyp s (9) (¢ € H)

which proves Theorem 2.

Remark 1. By comparing the definitions (2.5) and (1.8) rather closely and applying (1.5) we have the following relationship
Jo, D@ =L r+pl+y+p)F(2) =H, ;1,puf@) (r>-p) (24
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among the Carlson-Shaffer linear operator L, (a,d), the generalized integral operator H P% 7 and the generalized Bernardi-

Libera-Livingston integral operator Jyy (y > - p). This relationship (2.4) can alternatively be invoked in order to derive the results
of this section from those of the preceding section. The details involved in these alternative derivations are being omitted here
Also the Carlson-Shaffer linear operator L, (a,d) is defined as

L, (ad) f(z)=2 +Z ((d))”p a, z"

Forp=1,q=r+l, o, =f,,i=12,..rand &
results established earlier by Choi et al. I,

(2.5)

.1 =1, the aforementioned results contained in our Theorems 1 and 2 reduce to
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