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Abstract 

The binary quadratic equation represented by the negative Pellian y2 =21x2 - 5 is analyzed for its distinct integer solutions. A 

few interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have 

obtained solutions of other choices of hyperbola, parabola. 
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Introduction 

A binary quadratic equation of the form y2 = Dx2 + 1, where D is non-square positive integer has been studied by various 

mathematicians for its non-trivial integral solutions when D takes different integral values [1-2]. For an extensive review of 

various problems, one may refer [3-15]. In this communication, yet another interesting hyperbola given by y2 =21x2 - 5 

considered and infinitely many integer solutions are obtained. A few interesting properties among the solutions are obtained. 

Further, employing the solutions of the above hyperbola, we have obtained solutions of other choices of hyperbola, parabola. 

 

Method of analysis 

The Negative Pell equation representing hyperbola under consideration is 

 

  
521 22 −= xy

       (1)  

 

whose smallest positive integer solution is 

 

  
4,1 00 == yx

  
 

To obtain the other solutions of (1), consider the Pell equation 

 

  
121 22 += xy

 
 

whose general solution is given by 
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Applying Brahmagupta lemma between 
( )00 , yx

 and 
( )nn yx ~,~

, the other integer solutions of (1) are given by 
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The recurrence relations satisfied by x and y are given by 

 

  
0110 123 =+− +++ nnn xxx

 
 

  
0110 123 =+− +++ nnn yyy

 
 

Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 

 
Table 1: Numerical examples 

 

n  1+nx
 1+ny

 
-1 1 4 

0 103 472 

1 11329 51916 

2 1246087 5710288 

3 137058241 628079764 

4 15075160423 69083063752 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

1. 1+nx
is always odd and 1+ny

is always even 

2. Relations among the solutions  

➢ 
01255 121 =+− +++ nnn yxx

 

➢ 
01255 221 =+− +++ nnn yxx

 

➢ 
012604955 321 =+− +++ nnn yxx

 

➢ 
013206049 131 =+− +++ nnn yxx

  

➢ 
012556049 132 =+− +++ nnn yxx

 

➢ 
01255 232 =+− +++ nnn yxx

 

➢ 
024 231 =+− +++ nnn yxx

 

➢ 
013206049 331 =+− +++ nnn yxx

 

➢ 
01255 332 =+− +++ nnn yxx

 

➢ 
025255 121 =+− +++ nnn xyy

 

➢ 
025255 221 =+− +++ nnn xyy

 

➢ 
0252604955 321 =+− +++ nnn xyy

 

➢ 
0277206049 131 =+− +++ nnn xyy

 

➢ 
0504 231 =+− +++ nnn xyy

 

➢ 
0277206049 331 =+− +++ nnn xyy

 

➢ 
0252556049 132 =+− +++ nnn xyy

 

➢ 
025255 232 =+− +++ nnn xyy

 

➢ 
025255 332 =+− +++ nnn xyy

 
 

3. Each of the following expressions represents a nasty number 

 

➢ 

( )604472
5

1
3222 +− ++ nn xx

 

➢ 

( )165012979
275

2
4222 +− ++ nn xx

 

➢ 

( )5421
5

12
2222 +− ++ nn yx
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➢ 

( )27542163
275

12
3222 +− ++ nn yx

 

➢ 

( )302454237909
30245

12
4222 ++ ++ nn yx

 

➢ 

( )1511812979
5

4
4232 +− ++ nn xx

 

➢ 

( )27547221
275

12
2232 +− ++ nn yx

 

➢ 

( )54722163
5

12
3232 +− ++ nn yx

 

➢ 

( )275472237909
275

12
4232 +− ++ nn yx

 

➢ 

( )302455191621
30245

12
2242 +− ++ nn yx

 

➢ 

( )275519162163
275

12
3242 +− ++ nn yx

 

➢ 

( )551916237909
5

12
4242 +− ++ nn yx

 

➢ 

( )60103
5

1
2232 +− ++ nn yy

 

➢ 

( )660011329
550

1
2242 +− ++ nn yy

 

➢ 

( )6011329103
5

1
3242 +− ++ nn yy

 
 

4. Each of the following expressions represents a cubical integer 

 

➢ 

 214333 1214164472
30

1
++++ −+− nnnn xxxx

 

➢ 

 315333 12155748451916
3300

1
++++ −+− nnnn xxxx

 

➢ 

 113333 24126842
5

1
++++ −+− nnnn yxyx

 

➢ 

 214333 241297884326
275

1
++++ −+− nnnn yxyx

 

➢ 

 315333 2414274548475818
30245

1
++++ −+− nnnn yxyx

 

➢ 

 325343 141615574847251916
30

1
++++ −+− nnnn xxxx

 

➢ 

 123343 283212694442
275

1
++++ −+− nnnn yxyx

 

➢ 

 224343 2832129789444326
5

1
++++ −+− nnnn yxyx

 

➢ 

 325343 28321427454944475818
275

1
++++ −+− nnnn yxyx

 

➢ 

 133353 31149612610383242
30245

1
++++ −+− nnnn yxyx
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➢ 

 234353 311496129781038324326
275

1
++++ −+− nnnn yxyx

 

➢ 

 335353 3114961427454103832475818
5

1
++++ −+− nnnn yxyx

 

➢ 

 123343 3093103
30

1
++++ −+− nnnn yyyy

 

➢ 

 133353 33987311329
3300

1
++++ −+− nnnn yyyy

 

➢ 

 234353 3398730911329103
30

1
++++ −+− nnnn yyyy

 
 

5. Each of the following expressions represents a bi-quadratic integer 

 

➢ 

 1801618884472
30

1
32225444 +−+− ++++ nnnn xxxx

 

➢ 

 1980016207664451916
3300

1
42226444 +−+− ++++ nnnn xxxx

 

➢ 

 3032168842
5

1
22224444 +−+− ++++ nnnn yxyx

 

➢ 

 1650321730484326
275

1
32225444 +−+− ++++ nnnn yxyx

 

➢ 

 1814703219032728475818
30245

1
42226444 +−+− ++++ nnnn yxyx

 

➢ 

 180188820766447251916
30

1
42326454 +−+− ++++ nnnn xxxx

 

➢ 

 1650377616894442
275

1
22324454 +−+− ++++ nnnn yxyx

 

➢ 

 303776173049444326
5

1
32325454 +−+− ++++ nnnn yxyx

 

➢ 

 165037761903272944475818
275

1
42326454 +−+− ++++ nnnn yxyx

 

➢ 

 18147041532816810383242
30245

1
22424464 +−+− ++++ nnnn yxyx

 

➢ 

 1650415328173041038324326
275

1
32425464 +−+− ++++ nnnn yxyx

 

➢ 

 304153281903272103832475818
5

1
42426464 +−+− ++++ nnnn yxyx

 

➢ 

 1804124103
30

1
22324454 +−+− ++++ nnnn yyyy

 

➢ 

 1980045316411329
3300

1
22424464 +−+− ++++ nnnn yyyy

 

➢ 

 1804531641211329103
30

1
32425464 +−+− ++++ nnnn yyyy

 
 

6. Each of the following expressions represents a quintic integer 

 

➢ 

 2143336555 4047202023604472
30

1
++++++ −+−+− nnnnnn xxxxxx
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➢ 










−+

−+−

++

++++

31

53337555

40519160

20259580451916

3300

1

nn

nnnn

xx

xxxx

 

➢ 

 1133335555 8042040210842
5

1
++++++ −+−+− nnnnnn yxyxxx

 

➢ 










−

+−+−

+

+++++

2

143336555

80

43260402163084326

275

1

n

nnnnn

y

xyxyx

 

➢ 










−+

−+−

++

++++

31

53337555

804758180

4023790908475818

30245

1

nn

nnnn

yx

yxyx

 

➢ 










−+

−+−

++

++++

32

53437565

4720519160

236025958047251916

30

1

nn

nnnn

xx

xxxx

 

➢ 










−

+−+−

+

+++++

1

233435565

9440

420472021094442

275

1

n

nnnnn

y

xyxyx

 

➢ 










−+

−+−

++

++++

22

43436565

844043260

4720216309444326

5

1

nn

nnnn

yx

yxyx

 

➢ 










−+

−+−

++

++++

32

53437565

94404758180

47202379090944475818

275

1

nn

nnnn

yx

yxyx

 

➢ 










−+

−+−

++

++++

23

43536575

103832043260

519160216301038324326

275

1

nn

nnnn

yx

yxyx

 

➢ 










−+

−+−

++

++++

33

53537575

10383204758180

5191602379090103832475818

5

1

nn

nnnn

yx

yxyx

 

➢ 

 1233435565 1030105155103
30

1
++++++ −+−+− nnnnnn yyyyyy

 

➢ 










−

+−+−

+

+++++

1

333535575

113290

1056645511329

3300

1

n

nnnnn

y

yyyyy

  

➢ 










−

+−+−

+

+++++

2

343536575

113290

10305664551511329103

30

1

n

nnnnn

y

yyyyy

 

➢ 










−+

−+−

++

++++

13

33535575

1038320420

51916021010383242

30245

1

nn

nnnn

yx

yxyx

  
 

Remarkable observations 

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbola which are presented in the Table: 2 below: 

 
Table 2: Hyperbolas 

 

S. No Hyperbolas ( )YX ,
 

1 360021 22 =− YX  
( )1221 103,4472 ++++ −− nnnn xxxx

 

2 4356000021 22 =− YX  
( )1311 11329,451916 ++++ −− nnnn xxxx

 

3 10021 22 =− YX  
( )1111 82,842 ++++ −− nnnn xyyx

 

4 30250021 22 =− YX  
( )1221 9442,84326 ++++ −− nnnn xyyx

 

5 365904010021 22 =− YX  ( 1331 1038322,8475818 ++++ −− nnnn xyyx
) 

6 360021 22 =− YX  
( )2332 11329103,47251916 ++++ −− nnnn xxxx
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7 30250021 22 =− YX  
( )2112 8206,94442 ++++ −− nnnn xyyx

 

8 10021 22 =− YX  
( )2222 944206,9444326 ++++ −− nnnn xyyx

 

9 30250021 22 =− YX  
( )2332 103832206,944475818 ++++ −− nnnn xyyx

 

10 365904010021 22 =− YX  
( )3113 822658,10383242 ++++ −− nnnn xyyx

 

11 30250021 22 =− YX  
( )3223 94422658,1038324326 ++++ −− nnnn xyyx

 

12 10021 22 =− YX  
( )3333 10383222658,103832475818 ++++ −− nnnn xyyx

 

13 6804000090018900 22 =− YX  
( )2112 4472,103 ++++ −− nnnn yyyy

 

14 91476000021 22 =−YX  
( )3113 451916,11329 ++++ −− nnnn yyyy

 

15 7560021 22 =−YX  
( )3223 47251916,11329103 ++++ −− nnnn yyyy

 
 

2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola 

which are presented in the Table: 3 below: 

 
Table 3: Parabolas 

 

S. No Parabolas ( )YX ,
 

1 18002130 2 =− YX  
( )123222 103,4472 ++++ −− nnnn xxxx

 

2 21780000213300 2 =− YX  
( )134222 11329,45196 ++++ −− nnnn xxxx

 

3 50215 2 =− YX  
( )112222 82,842 ++++ −− nnnn xyyx

 

4 15125021275 2 =− YX  
( )123222 9442,84326 ++++ −− nnnn xyyx

 

5 18295200502130245 2 =− YX  
( )134222 1038322,8475818 ++++ −− nnnn xyyx

 

6 18002130 2 =− YX  
( )234232 11329103,47251916 ++++ −− nnnn xxxx

 

7 15125021275 2 =− YX  
( )212232 8206,94442 ++++ −− nnnn xyyx

 

8 50215 2 =− YX  
( )223232 944206,9444326 ++++ −− nnnn xyyx

 

9 15125021275 2 =− YX  
( )234232 103832206,944475818 ++++ −− nnnn xyyx

 

10 18295200502130245 2 =− YX  
( )312242 822658,10383242 ++++ −− nnnn xyyx

 

11 15125021275 2 =− YX  
( )323242 94422658,1038324326 ++++ −− nnnn xyyx

 

12 50215 2 =− YX  
( )334242 10383222658,103832475818 ++++ −− nnnn xyyx

 

13 11340003018900 2 =− YX  
( )212232 4472,103 ++++ −− nnnn yyyy

 

14 45738000069300 2 =−YX  
( )312242 451916,11329 ++++ −− nnnn yyyy

 

15 37800630 2 =−YX  
( )323242 47251916,11329103 ++++ −− nnnn yyyy

 
 

References 

1. David M. Burton, elementary Number Theory, Tata MC Graw hill Publishing company, limited New Delhi -2000. 

2. Telang SJ. Number Theory, Tata Mc Graw Hill publishing, Company limited New Delhi-2000. 

3. Meena K, Gopalan MA, Swetha T. On the negative pell equation y2 = 40x2 – 4. International Journal of Emerging 

Technologies in Engineering Research (IJETER). 2017; 5(1):6-11. 

4. Meena K, Vidhyalakshmi S, Dhanalakshmi G. On the negative pell equation y2 = 5x2 – 4. Asian Journal of Applied 

Science and Technology (AJAST). 2017; 1(7):98-103. 

5. Gopalan MA, Geetha V, Sumithra S. Observations on the Hyperbola y2 = 55x2 – 6. International Research Journal of 

Engineering and Technology (IRJET). 2015; 2(4):1962-1964. 

6. Gopalan MA, Vidhyalakshmi S, Usharani TR, Arulmozhi M. On the negative pell equation y2 = 35x2 - 19”, International 

Journal of Research and Review. 2015; 2(4):183-188. 

7. Gopalan MA, Vidhyalakshmi S, Shanthi J, Kanaka D. On the Negative Pell Equation y2 = 15x2 – 6. Scholars Journal of 

Physics, Mathematics and Statistics, Sch. J. Phys. Math. Stat. 2015; 2(2A):123-128. 

8. Meena K, Vidhyalakshmi S, Rukmani A. On the Negative pell Equation y2 = 31x2 – 6. Universe of Emerging 

Technologies and Science. 2015; 2(12):1-4.  

9. Gopalan MA, Vidhyalakshmi S, Pandichelvi V, Sivakamasundari P, Priyadharsini C. On The Negative pell Equation y2 = 

45x2 – 11. International Journal of Pure Mathematical Science. 2016; 16:30-36. 



International Journal of Advanced Science and Research 

31 

10. Vidhyalakshmi S, Gopalan MA, Premalatha E, Sofiachristinal S. On The Negative pell Equation y2 = 72x2 – 8. 

International Journal of Emerging Technologies in Engineering Research (IJETER). 2016; 4(2):25-28. 

11. Devi M, Usharani TR. On the Binary Quadratic Diophantine Equation y2 = 80x2 – 16. Journal of Mathematics and 

Informatics. 2017; 10:75-81. 

12. Suganya R, Maheswari D. On the Negative pellian Equation y2 = 110x2 – 29. Journal of Mathematics and Informatics. 

2017; 11:63-71.  

13. Abinaya P, Mallika S. On the Negative pellian Equation y2 = 40x2 – 15. Journal of Mathematics and Informatics. 2017; 

11:95-102. 

14. Vidhyalakshmi S, Gopalan MA, Mahalakshmi T. On the Negative pell Equation y2 = 40x2 – 15. IJESRT. 2018; 7(11):50-

55. 

15. Vidhyalakshmi S, Mahalakshmi T. On the Negative pell Equation y2 = 15x2 – 14. IJRASET. 2019; 7(3):891-897. 


