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Abstract

The binary quadratic equation represented by the Pellian like equation 3x> — 7y? = 20 is analyzed for its distinct integer
solutions. A few interesting relations among the solutions are given. Employing the solutions of the above hyperbola, we have
obtained solutions of other choices of hyperbolas and parabolas.
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Introduction

The binary quadratic Diophantine equation of the form ax* — hy* =N,z {a.b N = 0) are rich in variety and have been
analyzed by many mathematicians for their respective integer solutions for particular values of @, k and V. In this context, one
may refer [1-15]

This communication concerns with the problem of obtaining non — zero distinct integer solutions to the binary quadratic
equation given by 3x* — 7y® = 20 representing hyperbola. A few interesting relations among its solutions are presented.
Knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are
presented.

Method of analysis
The Diophantine Equation representing the binary quadratic equation to be solved for its non - zero distinct integral solution is

3x — Tyt =20 (1)
Consider the linear transformation

x=X+7T,y=X+73T )
From (1) and (2), we have

X2 =21T* -5 (3)
whose smallest positive integer solution is

T,=1X, =4
To obtain the other solutions of (3), consider the pellian equation is

P =21T +1 (4)

whose smallest positive integer solution is

T, = 128, =55

The general solution of (4) is give by

1
T =
n TS w"ﬁgﬂ
1
‘}zr' = Eﬁ'
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Where

n+l

£=055+12v20)" £ (55— 12v21)" " g, = (55 +12v21)" " = (55— 12v21)" on = —L0.1...

Applying Brahmagupta lemma between {T;, X} and {T‘n.}?ﬂ } the other integer solutions of (1) are given by

1 p
Ther = E.ﬁ" + Eﬂn (5)

V21
Xos1 = 2f; +T£I'r! (6)

From (2), (4), (5) and (6) the values of x and y satisfying given by

11 49
Xne1 =?.ﬁ~. +ﬁﬂn

7 33
Va+1 =§.ﬁ~. +ﬁﬂn

The recurrence relations satisfied by the values of xand yare given by
¥nea— 110xp,0 + %0, =0,
Yn+za — 11000 + 904 =0, =-10.1...
Some numerical examples of x and y satisfying (1) are given in the Table:1 below:

Table 1: Numerical Examples

n Tpel ¥nel

-1 11 7

0 1193 781

1 131219 85903

2 14432897 9448549

3 1587487451 1039254487
4 174609186713 114308545021

A few interesting relations among the solutions are given below:
1.  x,,,andy,,,are always odd
2. Relations among the solutions
" Ddapyy — Ayt B4V, =0
" Xpep— Aot 84Y .. =0
" SSxp.,— 6049, + 84y, =10
= 6040, , — x4+ 9240y, =0
= 6040x,,. — 55x,,,+ 84y, =0
" Xpyy— ¥pea+ 168y, =0
" O0xpur— Xpuat 84y =0
= x,, ., —6040x, .4+ 9240y, . =0
" Xpyz— 30X+ 84, =0
" 3I¥nsr — Ynsz T 306x,,, =0
" Vns1— Ipaz T 306x,,, =0
" 55y, — 6049y, + 36x,,, =0
" 3060xp,, + 6049,y —Wnsz =0

" ¥o+r— Ya+z + 'I"Exm: =1
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Vnar — 60495, 3 + 3960 x,,5 =0
" 36x,,,— 30, 08049y, .. =10
" 30xpyr— Yuaz TV =0
" 30xpi3— Iniat Vnso =10

3. Each of the following expressions represents a Nasty Integer

. ﬁ{ﬂﬁ?x:m: — 49x,, ., + 1680)

L
15400

) 2{331’:“: — 49y .2 + 20)

(601321x,,,, — 4932y, + 184800)

" =(3579x540 — 49y2p4a + 1100)

3
30245

1 ; . F
= o (601321xy,,; — 5467 x5, + 1680)

(393657 %2900 — 49y2y 44 + 120980)

" (33, — 5467y .0 + 1100)

" (3579 20,5 — 5467345 + 20)

3

(393657 x2p.3 — 5467 yop 44 + 1100)

275

. !n:.-ts (33255, — 601321y, ,, + 120980)
! r r 5 -

- E{35?gx:ﬂ+4 — 601321y oo + 1100)
2

- (393657 x5, — 601321y 44 + 20)

- %lﬂ'l}‘:ﬂ+! — 1193 y:p - +240)

" o (g — 131219y, + 26400)

" (119355, — 13121945 + 240)

4.  Each of the following expressions represents a Cubical Integer

L
L2400

L ﬁ [5‘1’6‘? xgﬂ+! - +gxgﬂ+4 + Lﬁ‘l’ULxF_‘_L - 1‘1'11-?-!_'_:]

[601321%ap,5 — 49% 3. + 1803963 x,,, — 147x,,.]

L .
" o [ggxnﬂ. =147y o+ 3B — 4-9_1].'3“_'_!]

s (1073755, — 1473z + 357903005 — 49y3,.4]

L
E0450

= -[1803963 0 — 16401 %, + 601321 23y, 4 — 54672 35,5]

[1180971x,,, — 147y, .2 + 393657 X 3nss — 49¥2n 5]

" ﬁ [';I';I;ri,!_'_: — 16401y 4y +33xg5,4 — 3467 ¥y, +!]

. ﬁ (10737 %y, — 16401y, 12 + 357925, 5 — 5467 a4 4]

. $ (1180971 %, — 16401 vy .5 + 393657 X3,y — 5467 Vap 5]

L
E0450

. $ (10737, 5 — 1803963 v, .2 + 3579 3.5 — 601321y5,,,]

[99x,,; — 1803963y, , + 33x5,,5 — 601321y,,,]

* =[1180971x,,5 — 1803963 yyy,5 + 393657 % 30,5 — 601321y 5]
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1 -
E [';I';Ijrﬂ_'_: — 10737 ¥4y + 33y 44 — 35?9_&’3n+!]

L
FE00

10737y, 5 — 1180971 y,.; + 357935, 15 — 393657 yyp ]

[ggjrﬂ +3— 1180971y s +33¥an 45 — 39365?J’!n+!]

Each of the following expressions represents a Bi-quadratic integer

L
92400

ﬁ [5‘1‘5?1'4,,!_,_4 - ‘1'9:{4,,!_,_5 + 21868::“4_: - ].gﬁ‘x:ﬂ_'_g + 5[]‘1":']

(601321 % 4,4 — 49% 0,0 + 2405284 x4, 2 — 196x2,, 4 + 554400]

ﬁ [33x4n,4 — 49Vun 4a + 132255 — 19632y, + 60]

$ (3579 % 40 s — 49Vinas + 1431630y, 5 — 196y, .5 + 3300]

L
E0450

(601321545 — 5467x 4, 5 + 240528435 — 218685, 4 + 5040]

(393657 % 4nss — 49unas + 1574628 %2y, 0 — 196ys, ., + 362040]

(33,5 — 5467y g + 132025, — 21868302 + 3300]

ﬁ (3579 405 — 5467 Vupes + 1431625, 5 — 21868 yuy .5 + 60]

(393657 % 45,5 — 5467y 1 + 1574628 x23,,5 — 21868y, + 3300]

L
E0450

$ (3579 % 4, — 601321y, .5 + 14316%,,, 4 — 2405284y, , 5 + 3300]

[33x 4. g — 601321y, 4 + 13225, 4 — 2405284y, , + 362940]

—[393657x 45 — 601321 Yy s + 1574628% 2,4 — 240523y, + 60]

ﬁ [Eajﬁn 5 — 307y + 132y 0 — 143168y, - + 2160]

L
IDE00

1 . . . .
(357935 — 393657 3445 + 143163,y — 1574628y, .5 + 2160]

[33¥4n 26 — 393657V o + 13230, — 1574628y, ., + 237600]

Each of the following expressions represents a Quintic integer

L [5‘}6?1—5“_'_5 - ‘1’93:5“_‘_5 + 2?335:1'!“_,_! - 2‘1’51-!“_'_4]
+534670x,,, —490x, .-

B40
L [601321.1'5“5 — 40y, -+ 300665xg,,.5— 24-53:3“5]
sz4on |+6013210x,,, — 400, -
L .
o [B3x5n.s — 49350 + 165230,3 — 245)p 1 + 330, — 4903,
= [35?9I5ﬂ+5 —49¥5n 16+ 1789055, 5 — 240y, 4 + ES?QanH.]
ss0 | —490 v, -
1 39365?1-5“_'_5 - ‘]:'g:l"sﬂ_‘_? + 1.95-82 85x3ﬂ+! - 2‘1’5_}?!“_'_5]
e0490 |4+3936370x, ., — 490w, .1

1 [5013213:5“5 — 5467 x5p.- + 30066055, , — 2?335x3ﬂ+5]
240 [+6013210x — 54670,

L [331'5“_,_5 — 3467y 45+ 16035, — 27330y 5 + 33[]1'“_'_:]
550 _54"5‘[]1.lrﬂ+|

1 [3579 %55 — 5467 Vsn16 + 17895 x50, 4 — 27335 ygp 48 + 35?9[]:“:]
10 L—-34670v, .~

1 [agaﬁa?xsm — 5467 ygp. - + 1968285 x,,,, — 2?335;..3“5]
ss0 | +3936570x,,. — 24670y, .o
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1 33.1-5?-!_'__—. - 6[”.32]._‘]'5?1 +5 + .Lﬁ‘ngﬂ_'_s - 3006605_‘]"331_‘_3 + 330.7.'“_,_3]
soesn |—6013210y, .,

1 [35?9x5ﬂ+7 — 601321 yop 0 + 17895 x4, = — 3006605y, .4 + EETQUxHH]
sso |—8013210w, .-
1 [393657x5p,7 — 601321 Y5y, .7 + 1968285 x3p,5 — 3[][]66[]5_5-3“5]
wlss s ooooo s +3936570x ., — 6013210y, .4
. 2 [33}15?! +6 — 33795n 5+ 160 Y30y — 178000 5 + EE':]_1J"r!+:]
360 L—35790v, .,
. _t 33¥sn.7 — 393007 Y545 + 100y 45 — 1968283 gy, 5 + 330, +!]
zee00 |—3936370v, .,
L [ESTQJ’M +7 = 393657 ygn . + 17895y o5 — 1968285 vy +4]
260 [ 4+35790v, ., — 3936570y, ,»

7. Remarkable observations
i) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of
hyperbola which are presented in the Table:2 below:

Table 2: Hyperbolas

S. No Hyperbolas X ¥F)
1 x%—21¥" = 2822400 (5467x,,, —49x,,,,11x,,, —1193X, ,)
2 XT—21¥" =34151040000 (501321x,., — 49%,.2 11%, . — 131219x,,,)
3 X —21¥" =400 (332, — 49V 11V — 720, )
4 X¥T—21¥"=1210000 (3579, — 49Vp.n 11Vy o — 781x,,)
5 X%— 2177 = 14636160400 (393657x,,,~49Y,,,5 11y,,., —85903x,,,,
6 X*— 21V~ = 2822400 (601321x, ,— 5467%,,51193x, . — 131219x,,.)
7 XT—21¥V*=1210000 (33, .- — 5467y, 1193y, ., — Tx,. )
8 X°— 21V =400 (3579%,, . — 5467V,,0,1193y, .. — 7B1x,..)
9 X*—21¥"=1210000 (393657%,.,— 5467¥,. 5 11931, .— 85903x,,.)
10 X*—21¥" = 14636160400 (33x,,,— 601321y, ,, 1312191, — 7X%,.2)
11 X*—21¥~=1210000 (3579x,.5— 601321%,. - 131219y,..— 781lx,.5)
12 XT—21¥° =400 (393657x, ., — 601321y,,5 11219y, ,— 85903x,.,)
13 X —21¥V-=518400 (33%,.0— 35799, 1. 7T81V, .y — TVpoo)
14 XT—21¥" = 6272640000 {33V, — 393657V, 1,85903V, ., — TVp.q)
15 XT—21¥" = 518400 (35791, 5— 393657 ¥,.-.85903V,.. — 781V,. )

ii) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of
parabolas which are presented in the Table:3 below:

Table 3: Parabolas

S. No Parabolas (x.v)

1 840X — 21¥* = 1411200 (5467 %000 —49v. 0 11, . —1193x, . .)

2 02400% — 21¥* = 170735520000 (601321 %0y, 0 —49%., ., 11x, .. — 131219 ,.,)

3 10X — 21¥* = 200 {ng:ﬂ_,_: —_ ‘1-‘9_‘!1-‘:“_,_:. .J-.J-J"r! +1 — ?-rr!+1.:]

4 550X — 21¥* = 605000 (3579%.p.» —49vop 2 11y - — 7812, )

5 60400% — 21¥* = 7318080200 (393657 %0y, — 49y, .., 11y, .. — 85003 %, ,)

6 840X — 21¥* = 1411200 (601321 %, 0 — 5467 x,,,,.1193x .0 — 131219 %, )

7 550X — 21¥* = 605000 (335,002 — 5467 v0p 2, 1193y, L, — T .n)

8 10X — 21¥* = 200 (357952 — 5467 ¥op 3. 1193 vy .o — 781x .- )

9 550% — 21V* = 605000 (3936597 %0y, 0 — 5467 vy, 1193y, .. — 85903, )

10 60400X — 21V = 7318080200 (33x0,., — 601320 vop .0, 131219y, ., — Tx,.0)

11 550% — 21V* = 605000 (3549x.,., — 601321y .0, 131219y, — 781x,..)

12 10X — 21¥* = 200 (393657 0y, 4 — 601321,y . ,. 131219y, .. — 85903x,..)

13 360X — 21¥* = 259200 (33y0,.0 — 3579, .0, T8IV, Ly — TV o)

14 30600X — 21V = 3136320000 (33yn,., — 393657y, .-.85903 v, ., — Tyy.q)

15 360X — 21¥* = 259200 (3579, ., — 393657y, , -, 85003y, .. — 781y, . .)
Conclusion

In this paper, we have presented infinitely many integer solutions for the pellian like equation3x* — 7y* = 20. As the binary
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quadratic Diophantine equations are rich in variety, one may search for the other choices of pell equations and determine their
integer solutions along with suitable properties.
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