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Abstract
In this paper, we introduce and investigate two new subclasses &(4, 5, g ) and ZC{4, B,q) of g -spirallike meromorphic
functions defined in the punctured open unit disc.
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1. Introduction
Let  denote the class of functions f of the form

f(2) =2+ T an" ®

Which are analytic in the open discl = {z:z € Cand0 < |z| < 1}. Let § denote the subclass of function in I which are
univalent in L. A functions f £ E is said to be meromorphic starlike of order S{0 = f < 1) if it satisfies

— {i—ﬁ} > BzeU,0=p<1) @)

And we denote this class by Z8 (5.
If f € E satisfies

—m{1+2%§3'}::= B(zEU,0= 8 < 1), @)

We say that f is meromorphic convex of order /5 and we denote this class by ZG{5). In [ Jackson introduced and studied the
concept of the ¢ -derivative operator d; as follows

Fl=l—flg=)
=(1-gq)

8,f(2) = (z#0,0< q<1,8,£(0) = f(0)). @)

Equivalently (4) may be written as

8, f(z) =1+ 3%, [nlya,z" Lz £ 0, (5)
1-q" -

Where[n], = T note thatas ¢ — 17, [n]; = n.

Definition 1.1 A function f & X is said to be meromorphic g -spirallike of order 5 if it satisfies

9 {EM%}} B(z€U,0 =B <1), (®)

We denote this class by E&{4, 5, ).

Definition 1.2 A function f £ X is said to be meromorphic convex g -spirallike of order § if it satisfies

ca @ alzdafl X
-9 {ed”—“f“z”} > BzeEU0=F<1), 0
aqf'ﬁ:'

We denote this class by ECG{4, &,q).
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LetE5(A,A,B,q)and ZC(A, 4,B,q),—1 = A < B = 1 be the subclasses of functions in I satisfying

1 20F(2)) | 144z

—{Et‘l%}{l = (<X z e, ®)
A4l =zd L Fi

{ed “;’;}3}3’}{1 (2<% zew ©)

2. Main results

) (=z8gf (= ) ) )
Definition 2.1 LetH{z) = - fi} }}fa*.r'f{_z} £ &. Afunction f{z) is said to be in the class Z5 {4, 5, q) if it satisfies
1
el H (=) ,E’ (10)
For some real number 0 << § << 1,0 << g <~ 1 and|4| < ;
) ) e
Theorem 2.1 f(z) € Z5(4, A, q) ifand only if, | (e”;,—;}) < —f.
Proof. Let H{z} f orf €&.1f f(z) EZS(A, 5.q), we can write
28+ H(zZ) 1
28 |1 =Z) E,E'"
Then, we can get
2B+eH(z)| . 1 3p+eitu(z)| 13°
2f el =) 28 2peltH(=) = (:,E)
& (26 +eH(2)) |26 + e H(2)| < |2 H(z)| e H(2)
= (28 +eAH(z)) |28 + e H(2)| < [e~* H(2)]e* H(z)
& 452+ 28e M H(z) + 28e " H(z) + H(z)H(z) < H(z)H(z)
e 482+ 28(e " H(z) + e’ H(2)) < 0
o 26 + 2R (e H(z) < 0
= R(eH(z) < —f
=8gf(=
=9t (et ““ 3')::—,5*.
As g —+ 17, we get the following result proved by Alamoush 1,
Azflz}
Corollary 2.1 f(z) € Z&(4, §) if and only if, | ( ) < —f.
Theorem 2.2 If f{z) € X satisfies
wea {Inlg + 1] +28e™janl} = 1— | — 1 +2gpe ™4, (12)

Forsome |[A] <=,0 < g < 1and 0 < f < cosd, then f(z) € I§(4, £,q).

Proof. It suffices to show that
",'3’+F.l le}
gl Hiz) =1L

) Fafi
For some |A| = ;{] <g=<1land0 < < cosd, where H{z) = E;I—J:' Note that
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E,E’+EU'HI:3} _
elm(z) -
2B~ f(z)+2dgf(2)
zdgfiz)
(—142qfe™*)4q B, ([n]g— 285 H)an|z™*2
—1+q EfL.[n]gansTt?
|-142gRs | +qT5% | [n] 2B || an | ™**
1-qE% ;[n]gl anl ="+

28 fl=)+e=d gf =)
E”-zﬂqf(z}

- |-1+2gfe| +qE5% .| [n]q—2Re ™ |an|

< 1.
1_32%-:5[”]q|ﬁﬂ.|

Therefore, if

q Zyima {[nlg + |[n]g +2Be ™ |ay |} = 1— | — 1 +2qBe™,
For some || = g,ﬂ =< g < land0 < § < cosd,then
q Bz, [[n]g — 287 |a,| = 1 — |[-1+2gBe | —q T L

Using this inequality in (9), we get

28-elE(z)| _ |-1+2qBs | +q i, [nlg—285 % |an|

ey (=) 1-g Xt . [nlglan|

- |-1+2g 85~ %] +1-|-14 282 |—~g B, [n] 4| anl

1-qEit.[nlglanl
=1.

Therefore, f{z) € §(A, B, q), for some |A] =< i—TJIEI <g=1and0 < § < cosd.
As g — 17, we get the following result proved_by Alamoush ™,

Corollary 2.2 If f{z) € I satisfies

w {ntIn+28e7 oy} = 1— | — 1+ 287,
Forsome |4] < = and 0 < § < cosA, then f(2) € TS(4, §).

Taking 4 = E in Theorem 2.2, we get the following Theorem

Theorem 2.3 If f{z) € I satisfies

g2, {[nl, + IInl, + 2Bllasl} = 1— | — 1+ 28],

Forsome 0 < f§ < cosdand 0 < g < 1, then f(z) € Z5(0,5, q).

i aEf( ) )
Definition 2.2 LetH_(z) = {l + m}fﬂ?‘f{z} £ &. Afunction f{z) is said to

8qf(2)
Be in the class ZC{A4, §,q) i if it satisfies

1 1

EU-HQ (=) 2B

< %{:z € U),

For some real number 0 < § <2 1,0 <. g << 1 and|4| < :‘—T

Theorem 2.4 f(z) € ZC( 4,4, q) if and only if, R {EM (l +

Proof. LetH,(z) = {l + M}fu*x‘f{z} € §.Iff € C(A,8,q), we can write

dqfi=)
=

28

2,E.’+9”'Hq (=)
E,EEU-HQI:H}

Then, we can get

(12)

(13)

(14)

(15)
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2R +e [']'Hq (=)

IR +e [']'Hq (=)

< (ﬁf |

28 s[']-Hq (=) 2R 28 E'[']'Hq (=)
2,"3‘—3[']'Hq (=) . 1 >
2R el Hy(z) = (:g)

& (26 + ePH, (2)) [2;5’ + EMH,I{Z}J < [e“h’q (z}J eilH, ()

= (2B + e Hy(2)) [28 + e7H, (2)| < [e77H, (@)]e " H,(2)

= 46% + 2e M H (2) + 2Be ™ H,(2) + Hy(2)H, (z) < Hy(2)H,(2)
=487+ 28(e " H, (z) + e H,(z)) < 0

< 268 +2R(eMH, (z) < 0

= R(etHy(z) < —B

=R {e” (1 + qza“‘f'z})} < —B.
dgfiz)

As g —+ 17, we get the following result proved by Alamoush 11,

Corollary 2.3 f(z) € ZC( A, 8) if and only if, | { (l + }f::})} < —f.
Theorem 25 If f{z) € I satisfies

q T [nlg((1+ gl — 1)) + 287+ 1+ q[n —1]glla,]) = —([1+ q|2Be™ +1)),

For some |4]| < g,ﬂ <g<1land0 =< f§ < cosd, thenf(z) € C({4,5,q).

Proof.”lt sgffices to show that
:E-: 'I‘fq'ﬁ:' <1,
slHy (=)
For some || < ;{] <q<1land0 < § < cosd,whereH (z) = {l +
E,E—EE'J'HQI:;} |z a_['l'ﬂqfl:z}+zqﬂaf|:z}
s?Hg(z) | | @qf(atasdyf(a)
(2Be+1)8,f (=) +a=83f ()
Bgf =i+ qzﬂa_fl'z}
'::'EE'_[J'+1:'"__;+21:,[?1]qﬂﬂﬂ’q_']“f—q“ffrz1::[?!—1]q[?z]qrt~13n_;‘

qzd§f (=)

.. Note that
8gfi=) }

qz=

Qz=+E'1:" [nlgan=""1) +—q+ gL, [n—1]g[n]gan=""*

—|",E’a_l']+l}+qE,L:__[n]q ",Ea'l']+l+q[;'z J.]q}n-lz'l+-+[ 1g
([2g- g +g EFt . [n]g{1+gn—1]g) ap="+*

|28 +1| +q 3, [n] gl 2B~ P +14q[n—1] gl lanl +[2]; <1

<
([2lg-1) -t [nlg(1+gq[n—1]g)|ax|

Therefore, if g E”__
For some |A| <z —,and 0 < f < cosd, then

q E::lz—" [Tl]q|2ﬂ€ 41+ t]‘[’.l‘l— l]qllaul =-1- |2ﬁ€_d + ll -4 E:z—" [n]q{l + I'-?I'["":l - l]q}lﬂ:lzl'

Using this inequality in (14), we get

2R te ['J'Hq (=)
. l']'Hq (=)

|28~ 41| +qE%L , [n]g| 28~ P +14g[n—1] | lan| +[2]g
([2lg- V) —gEft [nlg(1+gln—1lg)l an|
- 12Be ~Bgq)—1-|28e™ 41|~ L% [nlg(1+aln—1]g)|anl +[2];
- ([2 ]q_l:' ﬁzq__[?l]q'~l+ff[”_1]q:'|ﬂn|

_ ([2lg—V-qLits[nlg(1+gln—1gllanl _
([21g-1-qIi . [nlg(1+aln—1lg)lan]

[’.I'l]q{{l-l- gln—1],)+ |2Be "+ 1+ g[n — l]qlla”|} = —(1+ |28~ + 1|),

(16)

(17
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Therefore f{z) € EC(A, 8, q) for some |4| < :—rj 0D<g=<1land0 < § < cosd.
As q — 17, we get the following result proved By Alamoush [,

Corollary 2.4 If f{z) € I satisfies

=, n(n+ |28 +n||a,|) = —(1+ |28~ + 1)),
For some || < 3 and 0 < § < cosA, then f(2) € (4, ).
Theorem 2.6 If f{z) € X satisfies

a3, {|11+ [n] e + |4 + [n] Be|}|a,| < |gA — Be*| — |g— e,

n=2

For some |4]| < ﬂE andD =X g <I 1, then

f(z) €X5(4, 4,B,q).
Proof. It is suffices to show that

1+E[l:,_2'dqj‘|2'|

EIEI
+Bgig-z g [Z
fiz)

<1,

A

That is

Fizite ”‘zﬂq(z}
Afi(=)+Be ['J-zﬂq(z}
Let

f|:3}+s[':l'zﬂq (=)
Af(=)+Bsitza gh=)

= 1.

1 1 T fAf—1 . ;
E+E§::ﬂﬂg‘l+gl [E+E§::[’1]qﬂnﬂ"l+}

A[:§+E B aps’ }+Bs i1 [;_;4.2 = [n] qﬂnﬂ’“}

gtgioe, rtns"l_"—ﬂ”'+qu==a['J'[n]qﬁnzn_'- ‘

ga+gdT® anzt-1-Beil+gT¥  peil [mlgan="—!

lg—e'| +q Z2 .| 1+[n]ge™ || anl
T |lqA—Bet | gL |4+ [n]yBe | |an|

Hencem(17) is bounded by 1, if

q Z |1+ [n]e*t| + |4 + [n],Be'||a,| = |g4 — Be™| — |g — €.
n=21

As g —+ 17, we get the following result proved by Alamoush 11,

Corollary 2.5 If f{z) € I satisfies

= {|1+ne| + |4 +nBe|}|a,| = |4 — Belt|— |1 —et),

n=2

For some |4]| < ﬂE and, then
f(z) €I5(A, A,B).

Theorem 2.7 If f{z) € I satisfies
qEiz; [nl{12+qln — 1]ge| + |4 + 1+ g[n — 1], Be't|}|a,| < |g4 — Be't| — |g —e™|

n—

For some |A| = :—rj then
f(2) €XC(4,4,B,q).

As g — 17, we get the following result proved by Alamoush [,
Corollary 2.6 If f{z) € I satisfies

= n{|1+ne| + |4 +nBe|}|a,| = |4 — Be| — |1 — eid,

(18)

(19)

(20)

(21)

(22)

(23)
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For some 4| = qE and, then
f(2) EXE(4.A,B).
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