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Abstract 

The main emphasis of the present study is to analyze the MHD stagnation point flow of a Williamson nanofluid 

over a unsteady stretching sheet with convective boundary conditions and non-uniform heat source/sink. Using 

suitable similarity transformations the governing partial differential equations were transformed into coupled 

nonlinear ordinary differential equations with. These equations were then solved by numerical technique known 

as Runge-Kutta-Felhberg 45 order method. Obtained numerical solutions are presented in the form of graphs and 

tables for different values of flow pertinent parameters such as; magnetic parameter(M), Prandtl number (Pr), 

velocity ratio parameter ( ), Williamson parameter (W), Lewis number (Le), Unsteadiness parameter (A), 

Brownian motion parameter (Nb), thermophoresis parameter (Nt), Biot number (δ) and non-uniform heat 

source/sink (A*, B*). Numerical results are obtained for velocity, temperature and concentration, as well as the 

skin friction coefficient, local Nusselt number and local Sherwood number. 

 

Keywords: velocity ratio parameter, williamson parameter, Stagnation point, unsteadiness parameter, 

brownian motion and thermophoresis parameters, non-uniform heat source/sink 
 

 

Introduction 

The classical study of viscous stagnation point flow towards a rigid horizontal plane and a rigid horizontal axi-

symmetric surface is quite interesting study as they admit the exact solutions for the Navier–Stokes equations. 

The study of stagnation point flow over a stretching sheet was first done by Hiemenz [1] and he analyzed exactly 

by the Navier–Stokes equations and reported on the velocity distribution for the two-dimensional case. Therefore 

this plane study is referred as Hiemanz flow and this work was extended by Howarth [2]. The same study was 

extended for three dimensional case by Gersten et al. [3]. Based on the study of Weidman and Putkaradze (2003), 

these flows were characterized as inviscid or viscous, steady or unsteady, two-dimensional or three-dimensional, 

symmetric or asymmetric, normal or oblique, homogeneous or two-fluid, and forward or reverse. The study on 

heat and mass transfer flow over a stretching sheet was attracting the young researchers because of its wide 

applications. The first study viscous fluid caused by a stretching sheet was done by Crane [4] for the viscous 

fluid. This study was extended by Mc Cormack and Crane [5], they provided a comprehensive discussion on 

boundary layer flow caused by stretching of an elastic flat sheet moving in its own plane with velocity varying 

linearly with distance. Later the MHD flows over a stretching by considering variations parameters into 

considerations given in the literature [6- 10]. 

Stagnation point is a point where the fluid velocity of the local particle is zero. Chiam [11] investigated the 

stagnation-point flow towards a stretching sheet and found no boundary layer structure near the sheet. This work 

is reinvestigated by Mahapatra and Gupta [12] for the same stagnation-point flow towards a stretching sheet and 

found two kinds of boundary layer near the sheet depending on the ratio of the stretching and straining rates. 

Ashraf [13] incorporated the heat transfer parameter to stagnation point flow and studied MHD stagnation point 

flow of a micropolar fluid towards a heated vertical surface. 

All the above investigations dealt with the steady state flow. However, in some cases, the flow field, heat and 

mass transfer can be unsteady due to a sudden stretching of the flat sheet or by a step change of the temperature 

of the sheet. The unsteady flow over a stretching sheet was first done by Pop [14] where as Wang [15] investigated 

on the Impulsive stretching of a surface in a viscous fluid.. The unsteady Mixed convection flow over a porous 

stretching sheet was done by Elbashbeshy and Aldawody [16]. Later the same study was extended by considering 

various fluids like the Casson fluid flow over an unsteady stretching sheet was studied by Swathi Mukhopadhyay 

et al [17]. The investigations on nano fluids and dusty fluid over unsteady stretching sheet was done by Kalidas et 

al. [18] and B.J. Gireesha [19]. Whereas the HAM solutions for unsteady boundary-layer flows caused by an 

impulsively stretching plate was investigated by Shijun Lio [20] and gave a compared result with Pade’s 

Approximation. 

The term Nanofluid was first introduced by Choi [21]. It refers to a liquid containing a dispersion of submicronic 

solid particles (nanoparticles) with typical length on the order of 1–50 nm. and it has a characteristic feature of 

thermal conductivity enhancement this was observed by Masuda et al. [22] Furthermore, Eastman et al. [23] has 
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conducted an experimental study on thermal conductivity enhancement of ethylene glycol-based nanofluids 

containing copper nanoparticles. And then the investigations on nano fluid was later extended to the natural 

convective boundary-layer flow over vertical plate by Kuznetsov and Nield [24]. In addition to this the flow over 

a stretching sheet has attracting the researchers because of its applications and novelty. So in the recent years the 

study on flow of a nanofluid over stretching sheet takes place In view of this the W.A. Khan and I. Pop [25] has 

used a model for the nanofluid incorporates the effects of Brownian motion and thermophoresis and obtained the 

similarity solution for the boundary layer flow of nanofluid past a stretching sheet. Furthermore the analytical 

solution for the same problem was obtained by Hassani et al [26]. Wubshet et al [27] investigated on MHD 

stagnation point over stretching sheet. Whereas the slip flow effects of nanofluid over a stretching sheet was 

investigated by Wubshet and Shanker [28]. Moreover Nadeem and Rizwan Ul Haq [29] investigated the Effect of 

Thermal Radiation for Megnetohydrodynamic Boundary Layer Flow of a Nanofluid Past a Stretching Sheet with 

Convective Boundary Conditions. 

The non-Newtonian fluids has wide range of applications in engineering and industrial processes, such as food 

mixing and chyme movement in the intestine, flow of blood, flow of plasma, flow of mercury amalgams and 

lubrications with heavy oils and greases…..Non-Newtonian fluids are grouped property-wise, as visco-inelastic 

fluids, visco-elastic fluids, polar fluids, anisotropic fluids and fluids with micro-structure. Out of these 

Williamson fluid is one of visco-inelastic fluids. Although nanofluids have been largely studied as Newtonian 

fluid, very recently, their rheological properties are established by non-Newtonian modeling of nanofluid 

transport phenomena. Many studies are focused on non-Newtonian fluid as a base fluid with suspended 

nanoparticles over a stretching sheet…Alam Khan and Khan [30] obtained the series solution by employing 

homotopy analysis method (HAM) in four flow problems of a Williamson fluid, namely Blasius, Sakiadis, 

stretching and stagnation point flows. Nadeem et al. [31] presented the modeling of a two-dimensional flow 

analysis for Williamson fluid over a linear and exponentially stretching surface.  

Motivated by the above studies we would like to consider the effects MHD stagnation point flow of a 

Williamson nanofluid over an unsteady stretching sheet with convective boundary conditions of non uniform 

heat source of Williamson fluid over a stretching sheet. Up to my knowledge still no one has consider this study. 

Therefore, this paper can be used as a bridge to fill the knowledge gap 

 

Mathematical formulation 

Consider a two-dimensional flow of an incompressible Williamson nanofluid over an unsteady stretching sheet. 

The horizontal sheet is placed at y = 0 and the flow is confined in the region y > 0. The sheet is stretched by two 

equal and opposite forces. The x-axis is taken along the stretching surface in the direction of the motion with the 

slot as the origin, and the y-axis is perpendicular to the sheet in the outward direction towards the fluid. The flow 

is subjected to the effect of magnetic field of strength B0 which is applied normal to the surface. The induced 

magnetic field is also assumed to be small compared to the applied magnetic field; so it is neglected 

 

 
 

Fig 1: Physical sketch of the given problem 
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Details of the Williamson fluid model can be found in Nadeem [39]. For the present fluid model, the Cauchy 

stress tensor S is defined as; 

 

 
 

 
 

where  is the pressure,  is the identity vector, τ is the extra stress tensor, ,  are the limiting viscosities at 

zero and infinite shear rates, Γ > 0 is a time constant,  is the first Rivlin-Erickson tensor, and ˙ γ is defined as 

 

  
 

where π is the second invariant strain tensor. Here we have only considered the case for which  

 

and . 

 

 
 

Under the above assumptions, the governing equations of the conservation of mass, momentum, energy and 

concentration past a stretching sheet can be expressed as: 

 

 (1) 

 

 (2) 

 

  (3) 

 

 (4) 

 

where x and y denotes the cartesian coordinates along and normal to the sheet, respectively, u, v are the velocity 

components in x, y direction respectively. T is temperature, k is nanofluid thermal conductivity,  is Brownian 

diffusion coefficient, C is nanoparticle volumetric fraction,  is thermophoretic diffusion coefficient and  is 

the ambient fluid temperature, Γ > 0 is the characteristic time,  is the kinematic viscosity,  is the viscosity,  

is the thermal diffusivity of the fluid,  is the specific heat, is the stretching velocity of the sheet, 

is the ambient velocity. 

 

The corresponding boundary conditions are 

 

 
 

 
 

 
  

 
 

By using the following suitable similarity transformations  

 

 ,     

 

The governing partial differential equations are transformed into following ordinary coupled nonlinear 

differential equations as 

 

 (5)  



International Journal of Advanced Science and Research  www.allsciencejournal.com 

54 

 

 (6) 

 

 (7) 

 

and the boundary conditions are transformed into 

 

 
 

 
 

 
 

  
 

where A, λ, W, Nb, Nt and Le denote the unsteadiness parameter, velocity ratio parameter, Williamson nanofluid 

parameter, Brownian motion, thermophoresis parameter and Lewis number. 

The skin friction coefficient , the local Nusselt number  and the Local Sherwood number at the 

stretching surface defined as 

 

 ,   

 

Where and  are the shear stress along the sheet and the heat flux from the surface and  is the mass flux 

from the sheet. which are given by 

 

  
 

,  

 

where  is local Reynolds number. 

 

Results and Discussion 

The numerical solutions are obtained by adopting numerical scheme known as Runge-Kutta-Fehlberg-45 order 

method. To investigate influences of the pertinent parameters on the flow quantities, a parametric study has been 

conducted. Effects of the various parameters like, magnetic M, non-uniform heat source/sink (A*, B*), velocity 

ratio parameter( ), Williamson parameter (W), Lewis number (Le), Unsteadiness parameter (A), Brownian 

motion Nb, thermophoresis Nt, Prandtl number (Pr) on velocity, temperature and concentration profiles has been 

clearly analyzed. The numerical results are displayed graphically in tables and got good agreement with the 

previous results. Tables 1 and 2 displays the values of skin friction coefficient, Nusselt Number for various 

governing parameters. Table 3 shows the Comparision for  for different values of velocity ratio parameter. 

Fig 1 depicts the effect of the velocity ratio parameter on the flow field velocity. It can be observed that for λ< 1 

i.e., when the stretching velocity of the sheet exceeds the free stream velocity, the velocity of the fluid and the 

boundary layer thickness increases with an increase in λ. Moreover, for λ > 1 i.e., when the free stream exceeds 

the stretching velocity, the flow velocity increases and the boundary layer thickness decreases with an increase in 

λ. If λ = 1 i.e., when the stretching and free stream velocities are equal, then there is no fluid flow near the sheet. 

Figure 2 indicates the effect of magnetic parameter M on velocity profiles. The velocity of the fluid decreases 

with an increase in M. This causes retarding effect on the flow field leading to the prominent reduction in 

velocity due to Lorentz force effect. Therefore, the Lorentz force increases the opposition of the flow of fluid 

reducing the velocity of the flow.  

Fig 3 reveals the effect of Williamson parameter W on velocity profile. It can be observed that velocity decreases 

with increase in Williamson fluid parameter W; because after increasing Williamson fluid parameter W the fluid 

offers more resistance to flow which decreases velocity. 

Fig 4 shows the effect of unsteadiness parameter A on velocity profile. It can be noticed from this figure that the 

velocity profile decreases with increase in the unsteadiness parameter A. This is due to the fact that the 

momentum boundary layer thickness decreases as A increases. Since the fluid flow is merely due to stretching of 

the sheet so velocity decreases with increase in  till it satisfies the boundary condition at . 
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Fig 5 is a plot of temperature distribution with  for various values of unsteadiness parameter A. Here the 

temperature profile increases with increase in the unsteadiness parameter A. Hence the thermal boundary layer 

thickness increases as A increases. 

Fig 6 shows the temperature profile for various values of Pr. It is clear that the dimensionless parameter  

decreases with the increase in Prandtl number. Since the Prandtl number is the ratio of momentum diffusivity to 

thermal diffusivity; it reduces the thermal boundary layer thickness. In general the Prandtl number is used in heat 

transfer problems to reduce the relative thickening of the momentum and the thermal boundary layers. 

Fig 7 depicts the effect of space-dependent heat source/sink parameter A* on temperature distribution with η in 

the thermal boundary layer. It is observed that the thermal boundary layer generates the energy, which causes the 

magnitude of temperature profiles to increase with the increasing values of A* > 0, (heat source) whereas in the 

case of A*< 0 (absorbtion) thermal boundary layer absorbs energy resulting in the temperature to fall 

considerably with decreasing the value of A*< 0. The effect of temperature-dependent heat source/sink 

parameter B* on heat transfer is demonstrated in Fig 8. This graph illustrates that energy is released when B* > 0 

which causes the temperature to increase, whereas the energy is absorbed by decreasing the values of B*< 0 

resulting in the temperature to drop significantly near the boundary layer. 

Figure 9 illustrates the influence of Brownian motion parameter Nb on concentration profile. As the effect of 

Brownian motion increases, the concentration gradient increases, and as a result, the Brownian force increase 

boots the nanoparticle concentration at the surface. Hence, the concentration profile φ(η) increases at the surface. 

Figure 10 shows the impact of thermophoresis on concentration profile φ(η). Since the impact of Brownian force 

is to counterbalance the influences of thermophoretic force, as the influences of thermophoretic force increase 

the concentration gradient at the surface decreases, as a result of this, the concentration profile at a surface 

decreases, which is opposite to the case for Brownian motion effect. 

Figure 11 shows the impact of convective heating called Biot number δ on temperature profile. Physically, Biot 

number is the ratio of convection at the surface to conduction within the surface of a body. As the effect of Biot 

number (convection at the surface) increases, temperature at the surface increases; this again results in an 

increase in the thermal boundary layer thickness.  

Figure 12 shows the effect of Biot number δ on concentration profile. As the convection at the surface δ 

increases the concentration near the surface decreases. 

 

Table 1: Values of Skinfriction coefficient  for 

 
 

A W=0.0 W=0.1 W=0.2 

0.1 -0.83213 -0.81977 -0.80662 

0.2 -0.85314 -0.8405 -0.82672 

0.4 -0.87439 -0.86090 -0.84648 

0.6 -0.89504 -0. 88097 -0.86591 

0.8 -0.91538 -0.90072 -0.88500 

1.0 -0.93541 -0.92016 -0.90377 
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Fig 2: Velocity profile for various values of λ 



International Journal of Advanced Science and Research  www.allsciencejournal.com 

56 

 

0 0.5 1 1.5 2 2.5 3 3.5 4
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1



f 
' 

( 


 )

 

 

M = 0

M = 1

M = 2

M = 3

 
 

Fig 3: Velocity profile for various values of M 

 

Table 2: Values of Nusselt Number  

 
 

A Nt A* B*   
0.1 

0.3 

0.7 

    

0.40210 

0.35455 

0.21749 

 

0.1 

0.5 

1 

   

0.30752 

0.28547 

0.25918 

  

0.01 

0.05 

0.07 

  

0.32575 

0.20748 

0.14753 

   

0.01 

0.05 

0.07 

 

0.30957 

0.25319 

0.22074 

    

0.1 

1.0 

2.0 

0.06663. 

0.23265 

0.26893 

 

Table 3: Comparision table for  for different values of velocity ratio parameter 
 

A Wubshet et al [33] Ishak et al [34] Present result 

0.1 -0.9694 -0.9694 -0.96939 

0.2 −0.9181 −0.9181 -0.91811 

0.3 -- -- -0.84942 

0.4 --- --- -0.76533 

0.5 −0.6673 −0.6673 -0.66726 

1.0   0.00000 

2.0 2.0175 2.0175 2.01750 

3.0 4.7293 4.7293 4.72928 
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Fig 4: Velocity profile for various values of W 
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Fig 5: Velocity profile for various values of A 
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Fig 6: Temperature profile for various values of A 
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Fig 7: Temperature profile for various values of Pr 
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Fig 8: Temperature profile for various values of A* 
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Fig 9: Temperature profile for various values of B* 
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Fig 10: Concentration profile for various values of Brownian motion Nb 
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Fig 11: Concentration profile for various values of thermophoresis parameter Nt 
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Fig 12: Temperature profile for various values of Biot number δ 
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Fig 13: Concentration profile for various values of Biot number δ  
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Conclusion 

In the present study, MHD stagnation point flow of a Williamson nanofluid over a unsteady stretching sheet with 

convective boundary conditions and non-uniform heat source/sink. are investigated. The numerical solution is 

obtained by Runge-Kutta-Fehlberg-45 method. The effects of various governing parameters on heat flow 

characteristics were analyzed. Briefly the above discussion can be summarized as follows. 

 The velocity boundary layer thickness reduces for magnetic parameter M. 

 An increase in Williamson fluid parameter λ caused the velocity of the fluid to decrease. 

 The velocity of the fluid and the boundary layer thickness increases with an increase in  for  < 1 and 

velocity increases and the boundary layer thickness decreases with an increase in  for  > 1. 

 Momemtum boundary layer thickness decreases and thermal boundary layer thickness increases with an 

increase in unsteadiness parameter A. 

 Prandtl number decreases the thermal boundary layer thickness. 

 The concentration gradient increases with the Brownian motion whereas the opposite effect is observed for 

thermophoresis effect. 

 The effect of temperature dependent heat source/sink parameters is to generate temperature for increasing 

positive values and absorb temperature for decreasing negative values.  

 The effect of Biot number increases the temperature profile whereas the concentration decreases. 
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